THE EXISTENCE OF A NEAR-UNANIMITY TERM
IN A FINITE ALGEBRA IS DECIDABLE

MIKLOS MAROTI

ABSTRACT. We prove that it is decidable of a finite algebra whether it
has a near-unanimity term operation, which settles a ten-year-old prob-
lem. As a consequence, it is decidable of a finite algebra in a congruence
distributive variety whether it admits a natural duality.

INTRODUCTION

We call an operation f a near-unanimity operation if it satisfies the iden-

tity
f(yaxw"ax) %f(%%%--ww) e %f(xa"wx?y) ~ .

Near-unanimity term operations come up naturally in the study of algebras.
For example, if an algebra of finite signature has a near-unanimity term
operation, then it has a finite base of equations. It was asked in [1] whether
having a near-unanimity term operation is a decidable property of a finite
algebra. This problem, called the near-unanimity problem, is intimately
linked to the problem of deciding whether a finite algebra admits a natural
duality, called the natural duality problem. B. Davey and H. Werner proved
in [2] that if an algebra has a near-unanimity term operation then it admits
a natural duality. In the case of algebras in a congruence distributive vari-
ety the converse was proved in [1]. This result, called the near-unanimity
obstacle theorem, states that an algebra in a congruence distributive variety
admits a natural duality if and only if it has a near-unanimity term opera-
tion. Note, that it is easy to decide of a finite algebra whether it lies in a
congruence distributive variety by searching for Jénsson terms.

Clearly, an algebra A has a near-unanimity term operation f if and only
the equations

(%) fly,z,....z) = f(z,y,x,...,¢) = = f(x,...,2z,y) ==z

hold for the generator elements x,y of the two-generated free algebra in the
variety generated by A. Probably this observation motivated R. McKenzie’s
unpublished result [8] where he proves that it is undecidable of a finite
algebra A and two fixed elements x,y € A whether A has a term operation
that behaves as a near-unanimity operation on {x,y}. Later, this result was
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slightly extended in [7], where it is proved that given a finite algebra A and
two fixed elements a,b € A, it is undecidable if A has a term operation that
behaves as a near-unanimity operation on A \ {a,b}, that is, equations (x)
hold for all pairs z,y € A\ {a,b}.

In this paper we show that the near-unanimity problem is decidable, see
Theorem 17, which is a rather surprising development after the negative par-
tial results. Since there are only finitely many algebras on a fixed n-element
set whose basic operations are at most r-ary, there must exist a recursive
function N(n,r) that puts an upper limit on the minimum arity of near-
unanimity term operations for those algebras that have one. Consequently,
given an algebra A whose operations are at most r-ary, one can decide
the near-unanimity problem by simply calculating all at most N (|A|, r)-ary
terms and checking if one of them yields a near-unanimity operation. If
no such is found, then A has no near-unanimity term operation. We know
that such recursive function N(n,r) exists, but currently we do not have a
formula for one.

As an immediate consequence of the decidability of the near-unanimity
problem and the near-unanimity obstacle theorem, the natural duality prob-
lem for finite algebras that generate a congruence distributive variety is also
decidable. However, it is still open whether the natural duality problem in
general is decidable. A very interesting group of open problem is related to
the constraint satisfaction problem, which we do not define here and refer
the reader to [3] for details. It is proved in [4] that if a set I" of relations on
a set admits a compatible near-unanimity operation, then the correspond-
ing constraint satisfaction problem CSP(T") is solvable in polynomial time.
Therefore, it is natural to ask the near-unanimity problem for relations:

Problem. Given a finite set T of relations on A, decide whether there exists
a near-unanimity operation on A that is compatible with each member of I.

Currently we do not know the decidability of this problem, even in the
light of our result. We know that if a clone has a near-unanimity opera-
tion, then both the clone and its dual relational clone are finitely generated.
Inspired by this, we ask the following:

Problem. Given a finite set of operations and a finite set of relations on
the same underlying set, decide if the functional and relational clones they
generate are duals of each other.

PRrOOF

Let w and w™ be the set of all finite and countable cardinals, respectively.
For a nonempty set A we denote by O4 the set of all operations on A. In
general we do not assume that the underlying set A is finite. For F C Oy4
and n € w put F = Fn A4" which is the set of all n-ary operations
contained in F. Binary operations will play a crucial role in our arguments,
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therefore we put By = Of). The clone generated by a set F C O4 will be
denoted by (F). All indices in this chapter start from zero.
(n)

An operation f € O}, is a near-unanimity operation if

fly,z,....z) = f(z,y,z,...,2) == f(z,...,2,y) = x
for all z,y € A. It is customary to assume that n > 3, but we will not make
this restriction to avoid considering special cases in some of our arguments.
However, this does not weaken our results, because no operation of arity
less than three can satisfy this definition whenever the underlying set has
at least two elements. The problem of deciding whether a finite algebra has
a near-unanimity term operation is called the near-unanimity problem.
Instead of working with operations and their composition, we introduce
an equivalence relation on the set of operations in such a way that

(1) the near-unanimity operations form an equivalence class of the rela-
tion,

(2) a new notion of composition can be introduced on the equivalence
classes, and

(3) it is possible to algorithmically compute the closure of equivalence
classes under this new notion of composition.

We start the proof with the study of the binary operations that arise as
f(z,...,z,y,x,...,x) from another operation f € Oy .

Definition 1. For f € (’)(An) and ¢ € w, the ith polymer of f is f|; € Ba
defined as ith
Ty, x,...,x) ifi<n,
Flla,g) = {10 Dy )
flx,..., ) if 1 >n,

where y occurs at the ith coordinate of f in the first case. The collection of
polymers of f together with their multiplicities is the characteristic function
of f, which is formally defined as the map x : B4 — w™ where

xpb) =H{iew: fli=0b}.

By the set of characteristic functions on a nonempty set A we mean the
set X4 = {xy : f € Oa}. Note that not every mapping of B4 to w™
is a characteristic function of some operation. In the following lemma we
characterize the ones that are.

+

Lemma 2. A mapping x : Ba — w™ is a characteristic function of some

operation if and only if
(1) there exists a unique element b € B4 such that x(b) = w,
(2) there are only finitely many ¢ € By such that x(c) # 0, and
(3) c(x,x) ~ b(x,y) whenever x(c) # 0 and x(b) = w.

Proof. To show that the given list of conditions are necessary, take an arbi-
trary operation f € Off). Put b = f|,,. By Definition 1, b(z,y) =~ f(z,...,x)
and f|; = b for all i > n, which proves that y(b) = w. Moreover, for
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every ¢ € Ba other than b, x(¢) = |[{i < n : f|; = c¢}| is finite, proving
items (1) and (2). Finally, if x(¢) # 0, then ¢ = f|; for some ¢ € w, and
clr,z) ~ f(z,...,z) = b(z,y).

To show the other direction, take a mapping x : Ba — w™ satisfying
items (1)-(3). Let b € B4 be the unique element for which x(b) = w, and
put C = {ce Ba: x(c) € {0,w}}. By conditions (1) and (2), the set C' is
finite, and n = ) .~ x(c) is a finite number. Consequently, we can choose
a finite list &o,...,&,—1 € B of elements such that {{p,...,&{,—1} = C and

x(c) ={i<n:& =c}| forall c € C. Because of condition (3), there exists

an operation f € (’)gﬁrg) that satisfies the following list of identities:

f(y,m,a:,. . .,IL‘,ﬂf,l’,l’,ZL‘) ~ fo(ﬂfay),

f(x’y’$7' * "$7x7x7$7x) ~ 51(x7y)7

fle,z,z, ...,z y,x,2,2) = &1 (2, y),

flz,z,z, ... ¢, x,y,z,x) =~ b(x,y),

flz,z,z, ... ¢, x,2,y,x) =~ b(zx,y),

flz,z,z, ... ¢, x,z,2,y) =~ b(x,y),

flz,z,z, ... ¢, x,z,x,2) = b(x,y).
Clearly, f|; =& for all i < n, and f|, = flnt1 = fln+2 = flngz =+ = 0.
Therefore, x s = x, which concludes the proof. O

We leave it to the reader to prove the following result that characterizes
near-unanimity operations by their characteristic functions.

Lemma 3. f € Oy is a near-unanimity operation if and only if Xt = Xnu
where xpu € X4 1s defined as

o8] = {w if ba,y) ~ .

0 otherwise.

Given a set G C Oy of operations, we define X(G) = {xy: f € G}. By
the last lemma, the kernel of the operator f — x satisfies our goal (1)
stated at the beginning of the chapter. To establish goal (2), we introduce
the notions of composition for operations and characteristic functions, and
consequently show that they correspond to one another under taking the
characteristic functions of the operations. If for a set G of operations we can
show that the corresponding set {x, : ¢ € G} of characteristic functions
is closed under this new notion of composition and does not include ypny,
then we will be able to conclude that (G) does not contain a near-unanimity
operation, even if G is not a clone. First, we need the following definition.

Definition 4. By an extension of g € (91(4n) we mean an operation g’ € Oilm)

satisfying
g/(l’o, R l‘mfl) ~ g(l‘a’(O)) B xo(n—l))’
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where o is an arbitrary injection of {0,...,n — 1} into {0,...,m — 1}. By
a composition of f € (’)51") with extensions of gg,...,gn—1 € O4 We mean an
operation of the form f(g,...,9,,_;) where g{,...,qg,,_1 € (91(4m) are exten-
sions of gg, ..., gn—1, respectively, and are of the same arity m.

Clearly, the extensions of g are exactly the operations that can be obtained
from ¢ by permuting the variables and introducing dummy variables. As an
example, all projections are extensions of the unary projection. It is easy to
see that if ¢’ is an extension of g, then xy = x,.

The full meaning of the following definition well be revealed in the proof
of Lemma 6, but first we motivate it by a simple example. Take operations
f e Of) and gg,g1 € (91(4m). We would like to describe the characteristic
function of f(go, g1) via the characteristic functions of f, g9 and g;. Clearly,
the ith polymer of f(go, g1) is f(goli, 91i), which shows that x ¢4, 4,) depends
not only on xs but also on f. Furthermore, if g] is an m-ary extensions
of g1, then x4, = Xg|» but in general g1li # 91li, and therefore Xf(g0,91) 7
Xf(g0.9})" This shows that besides x4, and x4, we also need to know which
“variables” of x4, correspond to the “variables” of x,,. What we need is
an assignment, denoted as a map p in the following definition, that with
multiplicities assigns the polymers of gg to that of ¢;.

Definition 5. We say that x € X4 is a composition of f € (’)XL) with
X0s - - - Xn—1 € X4 if there exists a mapping p : (B4)™ — w™ such that

x(c) = > b
be(Ba)n, f(b)=c
and
xile)= Y, u(d)
EG(BA)", biZC
for all ¢ € B4 and i < n.

We introduce the following operators on O4 and X4. Given F,G C Oy,
we denote by Cx(G) the set of all possible compositions of operations f €
F) with extensions of gg,...,gn—1 € G. We will use the same symbol for
the analogous operator for characteristic functions: given 7 C O4 and U C

X4, we denote by Cx(U) the set of all possible compositions of operations
fe F™) for some n € w, with characteristic functions X0, - -+, Xn-1 EU.

Lemma 6. XCx(G) = C£X(G) for all F,G C O4.
Proof. To prove the inclusion C, take f € F™ and go,...,gn—1 € G, let

Gos- 191 € Ogm) be extensions of gy, ..., gn_1, respectively, of the same
arity m € w, and put h = f(g(,...,9,_1) € (DE‘m). We need to show that xp,
is a composition of f with x4, ..., Xg,_,- Define p: (B4)" — w™ as

)

pd) = |{i€w:(ghlis-- - gnsli) =b}
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which describes how many times the tuple b € (B4)" of binary operations
appear as the polymers of g(,...,g,,_; at the same coordinate 1.
We check Definition 5 now. For each element ¢ € By,

Yoo u®) ={icw: f(golir s ghali) =}
be(Ba)", f(b)=c
= |{z Ew:hl|;= c}‘ = xn(c).
On the other hand, for each j < n and ¢ € By,
Z ,u(l_)):’{iEw:g;h:c}‘:Xg;_(c).
BE(BA)", bj:c

This shows that yj is a composition of f with Xghy - Xg!,_y- Moreover,
since g;. is an extension of g;, xg;, = X/ for all j < n. This completes the
proof of XCx(G) C C£X(G).

To prove the other inclusion, take an arbitrary x € CxX(G). Then there

exist f € F™ operations go,...,gn_1 € G of arities my, ..., My_1, respec-
tively, and p : (B4)™ — w™ such that

(2) Xg;(€) = 11(b)
be(Ba)™, bj=c

for all ¢ € B4 and j < n. We will argue that y is the characteristic function
of a composition of f with extensions of gg, ..., gn—1-
Using equation (1) we obtain

> uld) = xleo) =w,
be(Ba)™ ceBa

where the second equality holds because Y is a characteristic function. Con-
sequently, we can choose a mapping & : w — (B4)" such that

w(b) = Hiszﬁ(i) =b}
for all b € (B4)™. Now, using equation (2), we get that

{icw:gli=c}l=xu= Y wb=[{icw:&i);=c}

be(Ba)™, bj=c

for all j < n and ¢ € B4. The cardinalities of the two sets on the two sides
are equal, therefore, for every j < n we can choose a permutation o, : w — w
such that

gili = &(05());
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for all i € w. Put m = max{o;(i) : j < n,i < m;}. Now, for all j < n,
the restriction of o; to the set {0,...,m; — 1} is an injection into the set

{0,...,m —1}. Define the operations g¢(,...,g,_1 € C’)I(le) as

g;-(l'o, ey xm_l) ~ gj(xaj(o)a c.. 7xaj(mj—1))'

Clearly, each gé» is an extension of g;. To complete the proof, we need to
show that the characteristic function of f(g;,...,g,,_,) equals x.
Observe that

gl = Joilea o @) <my
o gj(z,...,z) otherwise.

As a result, g;|Z = gj|a].‘1(i) for all ¢ € w, and therefore

93|z = gj‘gj—l(i) = f(ajaj_l(i))j =&(i);
for all i € w and j < n. Then, for an arbitrary element ¢ € By,
Xf(ghrngy)(€) = [{iew: flgo- gn-1)li=c}|

= HZ Cw: f(gll)‘hagil—l‘l) = C}‘

= ‘{z cw: f(&@)oy. .-, &()n-1) = c}|

=|{i€ew: f(b) = c where b= (i) }|

= > ul

be(Ba)™, f(b)=c
= x(c). O
The following lemma turns the near unanimity problem into a prob-

lem about characteristic functions. We will use the power notation for
the composition operator. For F,G C O4 we define C?t(g) = @, and

C?r+1(g) = CzC%(G) for all n € w. We use the same power notation for
the composition of characteristic functions, as well.

Lemma 7. Let F C O4 and G C (F), and assume that G contains an
idempotent operation. Then (F) contains a near-unanimity operation if and

only if xnu € Upew, CEX(G).

Proof. By Lemma 6, |J,c, C%X(G) = X (U, C(G)). Consequently, by
Lemma 3, it is enough to show that (F) contains a near-unanimity op-
eration if and only if (J,c,, C#(G) does. One direction is trivial because

Unew C%(G) C (F). For the other direction assume that f € (F)*) is a

near-unanimity operation and g € G(™ is an arbitrary idempotent opera-
tion. We define h € (F)*™) as

h(an CIIR axk‘m—l) = f(g(l'()? cee ?xmfl)a ce. ,g(ka—ma cee ,.’L’km_l)).

Clearly, h is a near-unanimity operation, and h € J,,c,, C¥(G). O
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If G is the set of all projections on aset A and F C Oy, then J, o, C#(G) =
(F), and X(G) = {xia}, where xiq is defined as

w ifb(z,y) =z,
Xid(b) = Lif b(l‘, y) ~Y,
0 otherwise.
Thus, by the previous lemma, (F) contains a near-unanimity operation if
and only if xnu € U,e, C#({Xia}). However, this condition does not seem

to be easier to check than the original one. We overcome this problem by
carefully choosing G so that the latter condition can be effectively tested.

Definition 8. For an integer £ > 1 we define a partial order Cj, on w™ as
follows:

1+ 3k 2+ 3k 4k

1+ 2k 2+ 2k 3k
1+k 2+ k 2k
o( 1 2 k ow

Acting coordinate-wise, this defines a partial order on X'4. For aset U C X4
denote by Fy(U) the order filter generated by U in Xy, that is,

Fr) ={X" € Xa: (3x € U)(Vb € Ba)(x(b) T X' (b)) }-

Recall that a partially ordered set (or simply poset) is called well-ordered,
if it has no infinite anti-chains and satisfies the descending chain condition,
i.e., contains no strictly decreasing sequence of elements. Clearly, (w; Cy) is
well-ordered. It is known that subposets and finite products of well-ordered
posets are well-ordered (these are elementary facts, see e.g. [5]). Moreover,
the set of order filters of a well-ordered poset under the inclusion order
satisfies the ascending chain condition. Consequently, provided that A is
finite, (X4;Cg) is well-ordered and has no strictly increasing sequence of
order filters. From now on A is assumed to be finite.

Lemma 9. Let k> 1, F C Og and U C X4. Then FCxr(U) C CrFi(U).
Consequently, CrFy(U) is an order filter.

Proof. Take arbitrary characteristic functions x € Cx(U) and x’ € X4 such
that y Tz x’. Thus x is a composition of an operation f € F( and
characteristic functions xg,...,xn—1 € U. By Definition 5, there exists a
map g : (B4)™ — w™ such that

(3) x@= > b

be(Ba)", f(b)=c
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and

(4) xile)= Y ul)
BE(BA)”, b;=c
for all ¢ € By and ¢ < n. Let D be the set of binary operations d € By
where x(d) # x'(d). Since neither 0 nor w is comparable to any other element
under Cy, for all d € D, x(d) ¢ {0,w} and x'(d) — x(d) equals to a positive
multiple of k. Using equation (3), for each d € D we can choose an n-tuple
ba € (Ba)™ such that f(bg) = d and u(bg) & {0,w}. Define p’ : (B4)" — w™
as
(D) = {u(b) +x'(d) — x(d) if b= by for some d € D,

Clearly, u(b) C i/ (b) for all b € (Ba)™. Then by equation (4), x; Ty X/} for
all i < n where x}: B4 — w™ is defined as

Xie)= > Wb
BE(BA)n, biZC
for all ¢ € B4. On the other hand, by the choice of p/,
X'(c) = > Kb
be(Ba)®, f(b)=c
for all ¢ € B4. This proves that x’ is a composition of f and the characteristic
functions xg, ..., x},_1 € Fx(U) via the map p’.
To prove the second assertion of the lemma, consider the containments

FrCrFr(U) C CrFiFr(U) = CrFr(U) C FrCxrFi(U) showing that CxFy(U)
is an order filter. O

u(b) otherwise.

Lemma 10. Let k > 1, and let A, F C Op and U C X4 be finite sets.
Then the minimal elements of (CrFr(U); Ck) can be effectively computed.

Proof. Choose an arbitrary minimal element x € CzFy(U). Then y is a
composition of an n-ary operation f € F(™ with some characteristic func-
tions xo,-..,Xn-1 € Fr(U) via a mapping pu : (Ba)" — w™. Observe in
Definition 5 that f and p uniquely determine x and xq,...,Xn—1 via the
defining equations

(5) NCETED SR
be(Ba)", f(b)=c

and

(6) xi(e) = (D).
be(Ba)™, bi=c

Since A is finite, (B4)" is finite, and consequently the poset {(w™)B4)"; Cy)
is well ordered. Clearly, p is an element of this poset, so we can assume that
w4 is minimal in this poset among all representations of x.
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By the finiteness of A and U,
m =max ({k} U{x'(b) : X' €U,b € By and x'(b) #w})
is a (finite) natural number that depends only on k, A and . We claim
that u(b) € {0,...,m,w} for all b € (Ba)", which is enough to conclude
our proof because then only finitely many operations f € F and finitely
many mappings p: (B4)™ — {0,...,m,w} need to be considered to find all
minimal elements of CxFy(U).

To get a contradiction, assume that p(¢) > m and p(é) # w for some
tuple ¢ € (B4)". Define y/ : (Ba)" — wt as

4/ (5) = {“@ i

u®) —k ith

and define x" and x{, - . . , x},_1 using the defining equations (5) and (6) for 1/,
respectively. Observe that p/(¢) = u(¢) —k >m —k > 0.

First we argue that x} € Fp(U) for all i = 0,...,n — 1. Clearly, by
equation (6), x;(b) = x}(b) for all b # ¢;. Moreover, either x/(¢;) = xi(¢;) =
w or xi(¢;) = xi(ci) — k. In the former case, x; = x; € Fx(U). In the latter
case, X;(ci) = xi(ci) — k > p(e) — k > m — k > 0, where the first inequality
holds by equation (6). Therefore, x satisfies the conditions of Lemma 2, so
X; € Xa. Since x; € Fi(U), there exists a characteristic function x/ € U so
that x7/ Cj x;. By the choice of m, x/(c;) < m < u(é) < xi(c;), consequently
X7 (ci) < xi(ci) — k. This proves that x/ Cj x}. As a result, x; € Fx(U).

Analogously, x/(d) = x(d) for all d # f(¢), and either X' (f(¢)) = x(f(¢)) =
wor X(f(@) = x(f(e¢)) =k > m —k > 0. Consequently, y' € Xa
by Lemma 2, and X’ Cj x. Since xg,...,X,_1 € Fr(U), we get that
X' € CrFr(U). From the minimality of y we see that x’ = x. But then
i/ contradicts the minimality of u, which concludes the proof. O

Lemma 11. Let k > 1, and let A, F C O4 and U C X4 be finite sets.
Then \U,e,, CEFe(U) is an order filter with respect to Ty, and its minimal
elements can be effectively computed.

[I N

O O

Y
I

Proof. For every m € w define U,,, = |,,<,,, C¥Fr(U), where Uy = Fj(U). For
each m € w, Uy, is an order filter in (X4; C) whose minimal elements can be
effectively computed by Lemmas 9 and 10. Since A is finite, (X4;Cy) is well-
ordered and consequently the set of all its order filters under the inclusion
order satisfies the ascending chain condition. Therefore, the ascending chain
Uy CUL CUy C ... of order filters cannot be strictly increasing.

Assume that U,,, = U, 11 for some m € w. This condition is equivalent
to that of C™1F,(U) C Un<m CFk(U). Applying Cr to both sides we get
that

PR S | CEFRU) S U
1<n<m+1
Consequently, Up,+1 = Upn42. By induction, we obtain that Uy, = Uy =
Uni2 = ..., as aresult Uy, = e, CHFr(U).
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This yields an algorithm to find J, o, C%Fr (). Calculate Up,Us, ... in
order using Lemma 10. If U,, = Up41 for some m € w, then we have
found |, ¢, C#Fx(U) and know its minimal elements. This condition must
occur and therefore the algorithm stops, because we cannot have a strictly
increasing sequence of order filters in (X4; Cy). O

The previous lemma shows that the minimal elements of the infinite union
Unecw CFX(G) of Lemma 7 can be effectively calculated provided that X(G)
forms an order filter in (X4;Cg) for some k£ > 1. We will argue that such
integer k and set G C (F) can be found if (F) contains a near-unanimity
operation. We need the following definition.

Definition 12. Let £k € w and f € Off). We call f a k-nu operation if
k <n and

flz,...,z) =~ x,
flo(z,y) = -~ flk-1(z,y) and
fle(z,y) = = flooi(z,y) = =
This concept is the generalization of that of near-unanimity and weak
near-unanimity operations. The 0-nu operations are precisely the near-

unanimity operations, while the k-nu operations of arity k are called weak
near-unanimity operations.

Lemma 13. If a clone on an m-element set contains a near-unanimity
operation, then it contains a 2-nu operation of arity at most 2 + mm.

To prove this lemma, we need the following theorem.

Theorem 14 (L. Lovész [6]). Let n,k be natural numbers such that 2 <
2k < n, and Gy be the graph on the set of all k-element subsets of an

n-element set with the disjointness relation. Then the chromatic number of
Gni tsn—2k+2. O

Proof of Lemma 18. Let C be a clone and f € C be a near-unanimity oper-
ation of arity n. If n <1+ me, then we are done as f is a 2-nu operation.
Otherwise n — m™ > 2. Put

k:v—mmHJ
2

By the choice of k, we have n — mm <2k <n-— mm + 1, from which it
follows that 1 + m™ <n-2k+2< 2+ m™ and 2 <2k <n.

We color each k-element subset I C {0,...,n—1} by the binary operation
f|r defined as

x ifigl,

f’](flf,y) = f(’LLO, cee 7un—1) where U; = {y le c I
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There are m™ binary operations on an m-element set, thus we colored the
graph G, j, with m™ colors. Since the chromatic number of this graph is
n — 2k 4+ 2, by Theorem 14, and n — 2k + 2 > me, there must exist two
disjoint k-element subsets I, J C {0,...,n — 1} for which f|; = f|;.

Choose an arbitrary bijection 7 from {0,...,n—1}\ (JUJ) to {0,...,n—
2k — 1}. We claim that the following operation is a 2-nu operation in C of
arity at most 2 + mm’

T ifiel,
9(T,Y, 20,y 2Zn—2k—-1) = f(ug,...,up—1) where wu; =<y if 1€ J,
Zr(;) otherwise.

Clearly, g € C and its arity isn — 2k +2 < 2 + mm. Moreover, glo =
flr = fls = gl1, and for all i > 2, g|l; = f[;-1;_9) = * because f was a
near-unanimity operation. This proves that g is a 2-nu operation. [l

Lemma 15. Let C be a clone on an m-element set that contains a k-nu
operation of arity k +n. Then C contains a k™ -nu operation f of arity
E™ 4+ n such that

Flo(z, flo(z,y)) = flo(z,y)-

Proof. Let A be the underlying set of C, and g € C be a k-nu operation of
arity k+n. By induction we define a sequence g1, g2, g3, . . . € C of operations
of arities k + n, k% +n, k> +n, ..., respectively. Put g; = g, and for i > 1
put

gi+1(‘r07 coes Lpit1_1, Y05 - - - 7yn—1)
= g(gl(x(b s Tgi1,Y0, - - 7yn—1)7 sy
gi(x(k—l)ki) cee sy it 1, Y0y - - - )yn—l)a Yo, .-+, yn—l)'

Since g is idempotent, i.e. g(x,...,x) = z, the defined operations g1, g2, . . .
are idempotent, as well. For each element z € A define the unary operation
hz(y) = glo(z,y). We claim that, for each i > 1 and j € w,

gilj(z,y) = {

This holds for gy by definition. Let i > 1 and j < k**!. Choosing I < k such
that [k* < j < (I + 1)k" we get that

hi(y) ifj <k,
T if j > k'

git+1lj(z,y) :g(gi(%---795)7~-,9i(~’0a---ax)79i|j—lki(l“ay)a
gi(:c,...,x),...,gi(x,...,x),:):,...,:):)
= gli(@, gilj—uwi (z, )
= ha (R (y)
=i (y).
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Finally, if i > 1 and k! < j < k"1 4 n, then
Git1li(z,y) = 9(gi(z, ... 2), ... gi(x, ..., 2),2,...,2,y,2,...,2))

= 9’j—ki+1+k;($ay)
=X.

This proves that each g; is a k’-nu operation of arity k° +n. We argue that
f = gm is the operation we claimed in the statement of the lemma. Indeed,
since h, is a unary operation on an m-element set, it is elementary to verify
that h?! is idempotent, that is, hg“ = h?t'm!. Then,

Flo(z, flo(z,y)) = K" (R (y)) = R (y) = flo(e,y). .

Lemma 16. Let A be a finite set of size m.
(1) If a clone on A contains a near-unanimity operation, then it contains
a 2™ -nu operation g of arity at most 2™ + m™ that satisfies

9‘0(x7g|0(x7y)) ~ g|0(xay)
(2) If g € Oy is a 2™ -nu operation satisfying the above identity, then

there exists a set G C ({g}) such that G contains an idempotent
operation and X(G) = Fom_1({xq4})-

Proof. The first statement follows immediately from Lemmas 13 and 15. To
prove the second statement, let g be a 2"-nu operation of arity 2™ + k
that satisfies the identity of the lemma. If g is a near-unanimity operation,
then we can choose G = {g}. Thus assume that ¢ is not a near-unanimity
operation. By induction, we define a sequence of operations g; € ({g})
(i =1,2,...) of arity (2™ — 1) + 1 + k, respectively. Put g; = g, and for
all positive integers ¢ define

(7) gi+1($0> s 7x(i+1)(2m!—1)’ Yo, - - - >yk—1)
= gz<g($03 ceey Lom! 1,40, - - - 7yk—1)7
Lomly .« -y T(iqp1)(2m!—1)s Y05 - - - 7yk71)-
We claim that each g; is a (i(2™ — 1) + 1)-nu operation and g;|o = glo-
This holds trivially for g;. We prove this by induction, so assume that the
claim holds for g;. Clearly, g;+1 is idempotent. If 0 < j < 2™, then

gir1li(x,y) = gilo(x, glj(x,y)) = glo(z, glo(x,y)) = glo(z,y),

where the first identity follows from (7), gilo = glo by the induction as-
sumption, g|; = go since g is a 2™ _nu operation, and finally the last iden-
tity was assumed in the statement of the lemma. On the other hand, if
2m < i < (i+1)(2™ — 1), then

gi+1lj (@, y) = gilj_@m—1)(@, y) = glo(z, y),
where the first identity holds because the first argument of g; on the right

hand side of equation (7) is g(z,...,z) = z, and the variable z; is at the
j— (2™ —1)-th argument of g;. Finally, if (i4+1)(2"™ —1) < j < (i+1)(2™ —
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1)+ k, i.e., we plug in y into one of the y coordinates in equation (7) and x
everywhere else, then we get giy1|j(z,y) ~ z, because g|;_;om_q)(z,y) =
and g;|;_(gm_1)(%,y) ~ x. This finishes the proof of the claim.

From the claim it immediately follows that

w if b(x,y) ~ x,
Xg,(b) = $i(2™ = 1) + 1 if bz, y) = glo(z,y),
0 otherwise,

which is well defined, because g|o(x,y) % = since we assumed that ¢ is not
a near-unanimity operation. Now put G = {g1,¢2,...}. Clearly, X(G) =

F2m1—1({Xg})' O

Theorem 17. Given a finite set A and a finite set F of operations on A,
it s decidable whether the clone generated by F contains a near-unanimity
operation.

Proof. Put m = |A|. First we check if (F) contains a 2™-nu operation of
arity at most 2™ + m™ that satisfies the identity of Lemma 16. If such an
operation is not found, then (F) cannot have a near-unanimity operation.
If g € (F) is such an operation, then by the same lemma we know that
there exists a set G C ({g}) € (F) of operations such that G contains
an idempotent operation and X(G) = Fomi_1({Xx4}). We do not need to
“compute” the set G, in fact it is infinite. Then by Lemma 11, the minimal
elements of the order filter

U= CFom(xg}) = |J CX(9)

new new

can be effectively computed. By Lemma 7, the clone (F) contains a near-
unanimity operation if and only if xp, € U. But this can be easily checked if
we know the minimal elements of U. In fact, ypy is minimal in (X4; Comi_1),
and therefore must be among the minimal elements of /. ([l
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